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Abstract. The task of matrix completion involves estimating the entries of a
matrix, M € R™*"™, when a subset, 2 C {(3,7) : 1 < i <m,1 < j < n}
of the entries are observed. A particular set of low rank models for this task
approximate the matrix as a product of two low rank matrices, M = UV'T, where
U e R™F*and V € R"** and k < min{m,n}. A popular algorithm of choice
in practice for recovering M from the partially observed matrix using the low
rank assumption is alternating least square (ALS) minimization, which involves
optimizing over U and V in an alternating manner to minimize the squared error
over observed entries while keeping the other factor fixed. Despite being widely
experimented in practice, only recently were theoretical guarantees established
bounding the error of the matrix estimated from ALS to that of the original matrix
M. In this work we extend the results for a noiseless setting and provide the first
guarantees for recovery under noise for alternating minimization. We specifically
show that for well conditioned matrices corrupted by random noise of bounded
Frobenius norm, if the number of observed entries is O (k7nlog n), then the
ALS algorithm recovers the original matrix within an error bound that depends
on the norm of the noise matrix. The sample complexity is the same as derived in
[7] for the noise—free matrix completion using ALS.

1 Introduction

The problem of matrix completion has found application in a number of research areas
such as in recommender systems [[10], multi-task learning [[15], remote sensing[[12] and
image inpainting [1I]. In a typical setting for matrix completion, a matrix M € R™*"
is observed on a subset of entries 2 C {(i,j) : 1 < i < m,1 < j < n}, while a
large number of entries are missing. The task is then to fill in the missing entries of
the matrix yielding an estimate M of the complete matrix that is consistent with the
original matrix M.

Among the many models that try and tackle the matrix completion problem, low
rank models have enjoyed a great deal of success in practice and have proven to be very
popular and effective for the matrix completion task on real life datasets [3I8U10413011]).
Low rank models with numerous variations have been heavily used in practice for
matrix completion specially towards the application of collaborative filtering [[10U13]].
Though it is one of the most widely used techniques to model incomplete matrix data,
there are only a few algorithms for which theoretical guarantees have been established,
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most notably the nuclear norm minimization [3l4] and OptSpace [8]. However, these
algorithms are computationally expensive and hence not scalable.

A popular algorithm that is heavily used in practice for recovering M from the
entries observed on (2 under the low rank assumption is the alternating least squares
minimization (ALS) [16410]. The algorithm makes the assumption that the matrix M is
of a fixed low rank that has a latent factor representation M = U VT where U € Rm*k,
V € R™** and k < n, m. Hence, one is interested in solving the following:

min || Po(M) = Po(UV)|7

Where {2 is the set of observed entries and P (M), also denoted by M2, is the projec-
M;;  if(i,5) € 02
0 otherwise

The above problem as described is jointly non—convex in U and V. Alternating min-
imization proceeds by alternatively fixing one of the latent factors and optimizing the
other. Once one of the factors (say U) is fixed, solving for the other (V') is a convex
problem. In fact, it is a simple least squares problem. This simplicity of the alternating
minimization has made it a popular approach for low rank matrix factorization in prac-
tice. Recent results [7l6/14] give recovery guarantees for ALS in a noiseless setting.
However theoretical guarantees for ALS when the observed entries are corrupted by
noise are still lacking. On the other hand, in real life applications, the matrix entries are
often corrupted by various means including the noise in the matrix generation process,
outliers and inaccurate measurements. In this work we present the first guarantees for
recovery under noise for alternating least squares minimization. We rely heavily on the
analysis of [7l6] and also borrow results from [9].

The paper is organized as follows. After explaining the notations and defining a few
quantities in Section[I.T} we briefly review relevant work in Section[2] In Section 3] we
describe the algorithm and state the main result of the paper and compare the results
with the existing results. Our primary contribution in this paper is the proof of the result
stated in Section [3] We build the proof in Section [d As the proof is fairly involved,
the proof of various lemmata in this section are deferred to the Appendix. We conclude
with an analysis of the results and possible future directions in Section 5

tion of the matrix M onto the observed set {2, given by, M, g =

1.1 Notations and Preliminaries

Unless stated otherwise, we use the following notation in the rest of the paper. Matrices
are represented by uppercase letters. For a matrix M, M; represents the i column,
M@ represents the vector corresponding to the 7™ row, (all the vectors are column
vectors i.e they are or dimension d x 1, where d is the length of the vector) and M;;
is the (i, 7)™ entry. The spectral norm and Frobenius norm of a matrix M are denoted
by ||M||2 and || M ||, respectively. The max norm of M, denoted by M, .., is the
maximum of the absolute values of the entries of M. The transpose of a matrix M is
denoted by M. Vectors are denoted by lowercase letters. For a vector u, u; is the ith
component of w. The p-norm of a vector is given by [jull, = (>, \ui|p)1/p, p > L
Finally, set of integers from 1 to m is denoted by [m] = {1,2,...,m}.
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Definition 1 (SVD (or truncated SVD)). The singular value decomposition (SVD) of
a matrix M € R™ " of rank k is given by M = UXVT, where U € R™* and
V e R™* have orthonormal columns, i.e. UTU = VIV = I and X € R*¥** js ¢
diagonal matrix whose entries are (01,09, .. .,0y,). Here, the columns of U and V are
called the left and right singular vectors of M respectively and 01 > 03,...,0, > 0
are the singular values.

Definition 2 (Condition number). Consider a matrix M of rank k, with singular val-
ues, 01 > 0a,...,0x > 0. The condition number of the matrix M, denoted by ks is

defined as kp; = Z—;

Definition 3 (Reduced-QR factorization (or simply QR factorization)). The Reduced—
OR factorization, which is often overloaded as QR factorization, of a matrix X €
R™*k m > k, is given by X = QR, where Q € R™** has orthonormal columns
and R € R¥*** is an upper triangular matrix. The columns of the matrix Q is an or-
thonormal basis for the subspace spanned by the columns of X.

Definition 4 (Distance between two matrices [5]]). Given two matrices U W € Rmxk
the dlstcmce between the subspaces spanned by the columns of U and W is given by
dlst(U W) = HUT Wle = ||UW l2 where U and W are orthonormal bases of the
spaces span(U ) and span(W), respectively. Similarly, U, and W are orthonormal
bases of the spaces span(U ) and span(w 1)

Definition 5 (Incoherence of a matrix) A matrix M € R™*" s incoherent with
parameter i if ||[U®D ||y < u Vz € [m] and ||V(j)||2 < \‘?V] € [n] where
M =UXVT is the SVD of M. We remind that X is the i row of matrix X.

Definition 6 (Vector to matrix conversion). The operator vec2mat() converts a vector

toot
to matrix in column—order, i.e. NV x € ]R”k, vec2mat(x) = |T1m Tntl:on - T(k—1)n+1:kn
l 1 .. 1

2 Related Work

Candes and Recht [3]] first demonstrated that under the assumptions of random sampling
and incoherence conditions O(kn'-2logn) samples allow for exact recovery of the true
underlying matrix via convex nuclear—norm based minimization. The sample complex-
ity result was further improved to O(kn log n) by Candés and Tao [4]]. Later on, Candes
and Plan [2]] analyzed the recovery guarantees for nuclear—norm based optimization al-
gorithm under bounded noise added to the true underlying matrix. However, one should
note that nuclear—norm based minimization approach is computationally expensive and
infeasible in practice for large scale matrices.

In the OptSpace algorithm [8]], Keshavan et al. adopted a different approach for the
matrix completion problem where they first took the SVD of the matrix M. Their
analysis showed that such a SVD provides a reasonably good initial estimate for the
spanning subspace, which can further be refined by gradient descent on a Grassmanian
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manifold. They show asymptotic recovery guarantees of original matrix if the number of
samples is O(nk (o5 /o7 )? log n). In a later paper, Keshavan ez al. [9] also examined the
reconstruction guarantee of OptSpace under two noise models. The analysis (for both
noiseless and noisy recovery) of the algorithm only guarantees asymptotic convergence
and the convergence might take exponential time in the problem size in the worst case.

In practice, however, alternating minimization based approach produces good opti-
mal solution. Though the underlying optimization problem is non—convex, each step
is convex, computationally cheaper and solutions close to global optimal are often
reported in experiments [11]. The algorithm and its variations have been practically
deployed in many real life collaborative filtering datasets and have shown good per-
formance [[10/13]. Wang and Xu [[14] first showed that given a factorization algorithm
attains a global optimum, the space of the factors, U and V, and the estimated matrix
M are robust against corruption of the observed entries by bounded noise. Jain et al.
[7l6], however, were the first to formulate the conditions for recovery of the underly-
ing matrix using alternating minimization. They showed that the true underlying matrix
M can be recovered within an error of € in O(log(||M||r/€)) steps and this requires
O((o% Joy)*k"nlognlog || M| r/€) number of samples. We build on the results of Jain
et al. [7] and provide recovery guarantees of noisy matrix completion problem with
alternating minimization.

3 Main Result

In the rest of the paper, the underlying true rank—% matrix to be completed is denoted
by M € R"™*™ With a slight abuse of notation, the truncated SVD of M is given by
M = U*x*V*t with U* € R™*k, V* € R™F and ¥* = diag(o},03,...,0%).
Without loss of generality, it is assumed that m < n and @« = n/m > 1 is a constant
(independent of n). The noisy matrix which is partially observed is given by M =M+
N, where N € R™*" is the noise matrix. Further, let N = Uy Xy VZI, be the SVD of
the noise matrix with Uy € R™*™ V) € R"*™ and Xy = diag(c,od,... o).
Each entry of the matrix M is independently observed with probability p. Let {2 be the
set of indices where the matrix M is observed. The task is to estimate M given M*?
and (2.

3.1 Noise Model

We consider a fairly general, worst case model for the noise matrix IV, also used in [9].
In this model N is distributed arbitrarily but bounded as \Nij\ < Npmax. This is a generic
setting, and any noise distribution with sub Gaussian tails can be approximated by this
model with high probability. However, tighter bounds can be obtained for individual
cases. Our bounds primarily depend on N,,,,, and the fractional operator norm of N2,
|N¥?||2/p. We use the following result from [9]:

Theorem 1 ([9]). If N is a matrix from the worst case model, then for any realization

of N, [N?||2 < ZEEN e
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Using, |£2| &~ pmn in Theorem I} we have the following bound:

1INz 2y/mnN, 1
T = mniNmaz, ( )

3.2 Algorithm

The algorithm analyzed in this paper is presented below [7]:

Algorithm 1 ALSM

1: Input: observed set (2, values PQ(M )

2: Create (27" + 1) subsets from 2 — §21, 25 - - - , 227, each of size |£2|, with the elements of
{2 belonging to one of the £2;’s with equal probablhty and sampled independently

3: Set U0 = SVD(Pq, (M )/p, k) i.e., top-k left singular vectors of P, (M) /p

4: Clipping step: Set all elements of U° that have magnitude greater than 2“—\}F to zero and
orthonormalize the columns of U° (using QR decomposition)
5:fort=0,---,(T"—1)do
VD argmin || Py (UVT — M) p )
VeERnXk
T argmin || Poyersesn (U(f/““))T - JTI) Il 3)
UeRmxk

end SR
6: Output: X = UF(VT)1

For ease of analysis, we have modified the standard ALS algorithm. In Step 2 of the
algorithm, independently sampled subsets of {2 are generated that are further used in the
rest of the algorithm. This modification was introduced purely for the ease of theoretical
analysis and is not required in practice. In the above algorithm, in each iteration, ¢, the
observed set £2(*) is independent of the other iterations and hence, each iteration could
be analyzed independently. In the proof of our main result, while analyzing iteration, ¢,
we overload 2 to represent £2(*) to avoid cluttering of symbols. Thus, the final sample
complexity for recovery would be 27" times the sample complexity requirements in each
iteration, where T’ is the total number of iterations required for convergence.

3.3 Result

Theorem 2. Let M = U*X*(V*)I € R™ " be a rank—k, incoherent matrix with
both U* and V* being W incoherent. Further, it is assumed that, Ny, q, < C’ga—\*"f and
IIN ll2

v let each entry of M = M + N be observed uniformly
and mdependently with probability

/fj*w,tﬁk? log nlog LMCHF

p>C “

2
mos,,



6 Gunasekar et al

where, Ky = Z—l is the condition number of the M, do, < 62% and C > 0 is a global
k 1

constant. Then with high probability, for T > C'log %, the outputs U7 and VT of
Algorithmwith input (§2, Po(M)) satisfy

NIl
92|

1 PR
\/tHM—UT(VT)THF < e4+20uki kP ( ) < e4+40pkr3 k" Nppaz (5)
mn

Worst case noise model requirements The theorem requires that N, ., < C’gng—\jg
:’“ For the worst case noise model, if Ny,,. < C ==

Nl ok
and P < G Mk’ = Y29 nk

N * « "
% < 2\/ MNNpae < C2 i Further, Npqp < C3 T = Nz < C3% <

- H]\/[k - K}]Mnk
Cs n% Thus, choosing C' = min{C5/2,C3}, and N4z < CH;]M’ both the condi-
tions on noise matrix for Theorem ] are satisfied.
For a well conditioned matrix M of condition number close to 1, the above require-
ment is approximately equivalent to Ny, 4, < C’ k‘lb%, which is k~1*® fraction of
root mean square value of the entries of matrix M. This is a fairly reasonable assump-

tion on the noise matrix for recovery guarantees.

3.4 Comparison with Similar Results

The most relevant work for our analysis is the analysis of low rank matrix completion
under alternating minimization approach proposed by Jain et. al. [7]. They have the
following result for ALS under noiseless setting, N = 0:

Theorem 3 ([7]). Let M = U*X* (V*)Jr € R™*"™ be a rank—k, incoherent matrix with

both U* and V* being p incoherent. Let each entry of M be observed uniformly and
VEIMIl

< where, d91, <

n‘}w ,u4k7 log n log Ty
— 6407

méZ,
C > 0 is a global constant. Then with high probability, for T > C' log %, the out-
puts UT and VT ofAlgorithmwith input (£2, Po(M)) satisfy |M —UT (V)| p < ¢

independently with probability, p > C and

Even for a very general noise model, the sample complexity required for our analysis is
the same as that required by the noise—free analysis.

Next, we compare our bounds with the bounds obtained for noisy matrix completion
by Keshavan et. al [9]. The algorithm suggested by Keshavan et. al., OptSpace, involves
optimizing the initial estimate from SVD of Py, (1\7 ) over a Grassmann manifold. The
main result in their paper is stated below:

Theorem 4 ([9]]). Let M =M+ N, where M is a rank—k, (v incoherent matrix. A
subset, §2 C [m] x [n], of entries of M are revealed. Let M be the output of OptSpace
on the input of (M, {2). Then, there exists numerical constants, C and C' such that,

if 2] > Cny/ar?; max{uk\/alogn; p?k*axi,} and % < Clzgiki/g then, with
KM

— 2
probability atleast 1 — 1/n3, ﬁ\\M — M||r < C'k3,k5 (%)
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The requirements on the noise matrix for recovery guarantees by OptSpace is close to
that derived in our results for Alternating minimization. Also, the error in the recovered
matrix in our analysis is off by a small factor of k£ as compared to the analysis in [9].
However, the sample complexity required by ALS as evaluated by our analysis is much
higher than that of Keshavan et. al.

4 Proof of Theorem 2

In this section we present the proof of Theorem 2] The outline of the proof is as follows.
In Section 4.1 Theorem [5] states that the initialization step of the Algorithm described
in [I] provides a good starting point. In Section .2] we first propose a modification
to the ALSM algorithm and prove that the modification in practice is equivalent to the
original ALSM algorithm, while the modified algorithm is easier to analyze. Theorem|6]
is then stated without proof. This theorem establishes that the space spanned by ALSM
estimates of U and V' converge towards U* and V* respectively. Finally, we combine
the results on initialization and above mentioned theorem to prove the main result. The
proof of Theorem [§]is deferred to Section[4.3] In each subsection, the relevant lemmata
are first presented and then the main theorems are proved. The proofs of the lemmata
are provided in the Appendix.

4.1 Initialization
Lemma 1 (Theorem 1.1 of [8]). Let M =M + N be such that M s ] rank—k and
u—incoherent and |§2| > Cnk max{logn, k}. Further, from the SVD of MTQ, we get a

rank—k approximation as, ng = (7050‘7“, where U € R™%k qnd VO € R"¥k, Let
a =n/m > 1. Then the following is true with probability greater than (1 — 1/n?),

1 —~ ma®/2\ '/? 2my/a
\/ﬁHM - MI?”Q < CMpax < |Q| > + |Q| HNQ“Q (6)

Lemma 2. Let U° be defined as in Lemma Further, under the conditions of Theorem
the following is true with probability greater than (1 — 1/n?),

~ 1
ist(U,U*) < ——.
dist(U”,U™) < ik

The proof of Lemma[2]is presented in Appendix [B.1]

Theorem 5 (ALSM has a good initial point). Letr U¢ be obtained from Uo defined
2;4\/E
m

basis of U°. Then under the conditions of Lemma[2] w.h.p. we have
- dist(U°,U*) < 1/2.

above, by setting all the entries greater than to zero. Let U° be the orthonormal

— UV is incoherent with parameter 1, = M
The proof follows directly from Lemma C.2 in 6] and Lemma 2] (]

Note that the U9 defined above is the same as the the initial estimate, U0 from the
initialization step of the Algorithm T}
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4.2 Convergence of ALS Minimization

Consider the following modification to Equation 2]and [3|of Algorithm [T}
VD argmin || Posn (UHV — M)HF
VeRrnxk
V(Hl)RSH) = P+ (QR decomposition)
U « argmin || Pocriosn (ﬁV(t“)T — M) I3
UcRmxk
U(t+1)R8+1) = g+ (QR decomposition) 7

Lemma 3 (Lemma 4.4 of [7]). Let U® be the t-th step iterate of ALSM Algorithm
and U® = U (t)Rg) be that of the modified algorithm presented above. Suppose
that both U and U® are Jull rank and span the same space, then the same will be
true for subsequent iterates. i.e span(V D) = span(V D) and span(UEHY) =
span(U D)) and all the matrices at iterate t + 1 are full rank.

Proof. Asboth U®, U®) € R™** have full rank and span same subspace, there exists
a k x k full rank matrix R such that U®) = U R = U(t)RS)R. Thus,

Jmin [P (ff<f>vT - 1\7) B = | Poeesn ((7<f>x7<f+1ﬁ - JTI) o

= [Pocen (U (VEDRP RN - AT)

v

min . ||P_Q(t,+1) ((](t)‘/Jr — M) |2

VeRnX

||P(Z(t+1) (U(t)?(t-t,-l)f _ M) ||2

The above equation holds with equality for V(+1) = y(t+D) ((R@R)T)fl. Further
Theorem@shows that V (*+1) is full rank (as dist(V (+)) | V*) < 1) and hence, V(+1) =
VD ((RYR)) ! is full rank and their columns span the same subspace. Similar ar-
guments can be used to show that U®*1) and U®+1) are both full rank and span the
same subspace. t

Further, as the initial estimate, Ij’ 0 satisfies the condigons of the aboveA lemma, in
the rest of the proof it is assumed that the distances dist(U*, U*) and dist(V*, V*) are
the same for the updates from both ALSM and its modified version presented above.

Theorem 6 (Each step of ALSM is good). Under the assumptions of Theorem |2} the
(t + 1) iterates, U+ and V' satisfy the following w.h.p:

N2k
N 10MF~'M||* ll2
orp
prar | N |2k
oRD

. 1 .

dist (Vt“, V*) < Jdist (Ut, U*)
N 1 N

dist (U’f“,U*) < Ldist (Vt“, U*) +10

where, Ky = o5/ o7, is the condition number of the matrix M.

The proof of Theorem 6] involves few other lemmata and is deferred to Section[d.3] The
main theorem is now proved using the results from Theorem 5] and [6] U
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Proof of main result, Theorem From TheoremH after ' = O(log M) steps,
we have:

R Nk
dist (UT,U*) < prinr [N ©)

~ 2V M|z oD
Using Lemma[d] we have that:

1M =TTV < (1= TTTTHU* S e + | Fllr + | Neeslr (10)

Note that the bounds on || F'||2 and || N;.¢s||2 from Lemma[5|and Equation |16} also hold

for both || F'|| r and || Nycs || r respectively. This can be seen from the proofs of Lemmata

[]and[6] Using these bounds we have the following:

10k [ N*[|2k

oLp

PN . P .
M —UTVEIT e < VEopdist(UT,U*) + %dist(UT, U*) + Coj
o4 20uRR [Nk

p

(1)
Further, in order that each of the 27" 4 1 sub-sampled indices {2, has O (M)

m5§k
4.4 37 VE| M2
woKyk 10gn10g€>

p
maé3,

O

samples, the total sample complexity required is O (

4.3 Proof of Theorem /[

To avoid cluttering of notations we define a few quantities first. In the following defini-
tions, we recall that U™ and Uy are the left singular vectors of M and IV respectively,
and U? is the t™ step iterate of the modified algorithm (U! = U'(RY)~!). Further
U® and U; represent the i™ row and column vectors of U respectively and Ui; is the
(i,j)‘h entry of U. For 1 < p < kand 1 < g < k we define diagonal matrices
By, Cpg, Dpg € R™™, where, Dy = (U}, Ur)I,,xr, and the, j™ diagonal entries
of By, and Cy,, are given by:

1 1 «
(Bpq)jsi = ]; Z U’pr'}q (Cpg)jj = 15 Z Upriq
i:(i,5) €0 i:(i,5) €92

Using the above matrices, we define the following matrices of dimension nk x nk:
Bi1 -+ Bk C11 -+ Crp Di1 -+ Dy oily -+ 0
B S .o . C r .o . D r .o . S ry
Bg1 - Bk Cr1 -+ Ckg Dg1 -+ Dy 0 - oply
Analogously, we define matrices, C € R™"*"™ and SN € R"™>X"™ a5 follows:
O{\{~--Cf\,’m oM, -+ 0
. . ,SN A (12)

cN £ :
Cﬁ...c}i\fm 0 ...gﬁﬂn
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where,V 1 < p < kand 1 < ¢ < m, diagonal matrices C’ZJ)\; € R™ ™ are defined as

(CN)js= |3 Y. ULUY|. Additionally, we define the following vectors:

ip - iq
i:(3,5)ENR

o =V VL VT e RE N = [N VNTL uNTE e R,

Finally, we define the matrices, ' = vec2mat (B—l(BD — C)Sv*) c R™ ¥ and
Nres = vec2mat (B—lcNSN,UN) c Rnxk‘

Lemma 4. Let U! be the " step iterate of the above algorithm and let Ut, V+* and
VL be obtained by Updates in @ Then, using the matrices defined above, we have:

VI = V5 Ut U — F + Nyes (13)
The proof of the above lemma is provided in Appendix [B.2]

Lemma 5. Let F be the error matrix defined above and let Ut be a 11, incoherent
orthonormal matrix obtained from the t" update. Under the conditions of Theorem IZI

with probability at least 1 — 1/n3, || F||2 < % dist(Ut,U*).
This is the same as Lemma 5.6 of [7]] and the proof follows exactly for the noisy case.

Lemma 6. Let N,..s be the matrix defined above. Under the conditions of the Theorem
with probability at least 1 — 1/n?

e (1N
NTES S 14
Ml < 25 (1 (14

Lemma 7. Let RE;H) be the upper triangular matrix obtained by QR decomposition
of VTl an. Let F, N,., and U" be defined as above. Then,

i)

The proof of Lemma [6] and [7) are provided in Appendix [B.3] and [B.4] respectively. We
now use the above lemmata to prove Theorem [6]

If 0o < % for appropriate C' > 1, then ﬁ < C/(C —-1) = C,. Fur-
ther as dist(U®), U*) < dist(U©),U*) < 1/2, we have /1 — dist2(U®,U~) >

v/3/2. Finally, from Lemma |8 we have p; = 732‘7;5 \/E. This implies that || N,.cs|l2 <
y w p p
k

1

2 [UN | dis (U, U%) — || Flla — |Nmz}

s)

2 2 *
32urak (M) . If further we have that % < Oy %, then for small enough Cs,

102
we have
IN“|2 )
| Nresll2 < 04/MMI€T <oy (16)
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Using Lemmad] we have:
dist (V*, V(t“)) - H [VITV*E*U*T —vitF 4 VjTNres} (R H
-1
(t+1)
(m)

For appropriate choice of C' > 1 and small enough C’ < 1, we have From Lemma
b1 [6]and [7]and Equation[I7] we have the following:

2

< (JIF|l2 + | Nresll2) (17)

2

k[N 9|2k

1
dist(V*, VD) < Zdist(U®, U*) + 10
4 oD

Incoherence of Solutions in Each Iteration

Lemma 8. Under the conditions of Theorem 2| let Ut be the t™ step iterate obtained
by Eq.3 If Ut is uy = %/E incoherent then with probability at least (1 — 1/n3),
the solution V1Y) obtained from Eq. E] is also py incoherent.

The proof of the above lemma can be found in Appendix As fort = 0, U° is
1 incoherent, the theorem can be used for inductively proving that U and V' are y;
incoherent for all ¢. ]

5 Conclusion

We have established the first theoretical guaranties for recovery of a low rank matrix
perturbed by bounded noise, using alternating least squares minimization algorithm.
The algorithm is computationally more scalable than the algorithms that have previ-
ously established error bounds under noisy observations. We use the worst case noise
model and it is observed that for well conditioned matrices, the main result requires
a reasonable bound on the maximum noise entry. The results establish that under the
conditions of incoherence of the underlying matrix M and bounded noise, with suffi-
cient samples, the FrobeniusAnorm of the deviation of the recovered matrix, ]T/[\ , from
M, HA{/% [P

the original matrix can be made arbitrarily close to Ck'®° N, .. Finally,

for well conditioned matrices, the sample complexity is O(k"n logn). This is the same
complexity as that required by the current proof of recovery guaranties of ALSM under
noiseless setting. However, this is looser compared to the established bounds of other
algorithms like nuclear norm minimization and OptSpace and tightening the sample
complexity will be considered in the future work. Another direction for future work
would include bounding the ALSM algorithm with cost function modified to include
regularization on the factors U and V.

Acknowledgments. This research was supported by ONR ATL Grant N00O14-11-1-
0105, NSF Grants (IIS-0713142 and I1S-1016614). We also thank Praneeth Netrapalli
for his valuable comments.



12 Gunasekar et al

References

1. M Bertalmio, L Vese, G Sapiro, and S Osher. Simultaneous structure and texture image
inpainting. IEEE Transactions on Image Processing, 2003.

2. E.J. Candes and Y. Plan. Matrix completion with noise. CoRR, 2009.

3. E.J. Candes and B. Recht. Exact matrix completion via convex optimization. Foundations
of Computational Mathematics, 2009.

4. E. J. Candes and T. Tao. The power of convex relaxation: near-optimal matrix completion.
IEEE Transactions on Information Theory, 2010.

5. G. H. Golub and C. F. van Van Loan. Matrix Computations (Johns Hopkins Studies in
Mathematical Sciences)(3rd Edition). The Johns Hopkins University Press, 1996.

6. P. Jain, P. Netrapalli, and S. Sanghavi. Low-rank matrix completion using alternating mini-
mization. ArXiv e-prints, December 2012.

7. P. Jain, P. Netrapalli, and S. Sanghavi. Low-rank matrix completion using alternating mini-
mization. In STOC, 2013.

8. R. H. Keshavan, A. Montanari, and S. Oh. Matrix completion from a few entries. IEEE
Transactions on Information Theory, 2010.

9. R. H. Keshavan, A. Montanari, and S. Oh. Matrix completion from noisy entries. JMLR,
2010.

10. Y. Koren, R. Bell, and C. Volinsky. Matrix factorization techniques for recommender sys-
tems. IEEE Computer, 2009.

11. K. Mitra, S. Sheorey, and R. Chellappa. Large-scale matrix factorization with missing data
under additional constraints. In NIPS, 2010.

12. A.M.C.Soand Y. Ye. Theory of semidefinite programming for sensor network localization.
In ACM-SIAM symposium on Discrete algorithms, 2005.

13. G. Takécs, 1. Pilaszy, B. Németh, and D. Tikk. Investigation of various matrix factorization
methods for large recommender systems. In KDD Workshop on Large-Scale Recommender
Systems and the Netflix Prize Competition, 2008.

14. Y. Wang and H. Xu. Stability of matrix factorization for collaborative filtering. In ICML,
2012.

15. K. Yu and V. Tresp. Learning to learn and collaborative filtering. In NIPS Workshop on
Inductive Transfer: 10 Years Later, 2005.

16. Y. Zhou, D. Wilkinson, R. Schreiber, and R. Pan. Large-scale parallel collaborative filter-
ing for the netflix prize. In Proc. 4th IntSI Conf. Algorithmic Aspects in Information and
Management, LNCS 5034, 2008.

Appendix A

= [|M]ls < [|M]|r < VE|M]|2
— If a matrix M is u-incoherent, then,

1k
Nao \/—||M||2 (18)

— Bernstein’s Inequality: Let X;, i = {1,2,...,n} be independent random numbers.
Let | X;| < LV i w.p. 1. Then we have the following inequalities:

PRI X = 30 BIX] > #] <exp (z;;l V;:-()/(Qi)-&-Lt/Z%)

n n — 2
PR X =200 EIXG] < —t] <exp (Z?’zl Va:()/(zi)JrLt/s) (19)

Moz < ||M||F
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Appendix B
B.1 Initialization Proofs
Proof (Proof of Lemma 2).
1M = M2|3 = Uz VT - T SOVOr|3
= ||(I - U°UHu*z*v*t + U0 (U TU* o v+t — 2O0vOh) |2
W1 = 000°H U v 4 | 0000t U vt - v 2
> (1 = U0 U2 vH3 = |00 213 > 072U U™ |3

where, (1) follows as the two terms span orthogonal spaces. Hence,

~ 1 — 2 1 3/2 NQ
dist(00, U") < — | M = Mz < — | CMpany| == 1ol
Jk) Uk p p

<%> O;ﬁka—}t [ mas/? N 2||N‘:H2
oy, pmn oy,

1 C'klptor? [IN?l2 o
< —ifp> d <C"-k.
=6kt P e Ty S %

where, (2) follows from Lemma [T]and (3) follows from Equation

B.2 Proof of Lemmal
We recall that M (1) is the 7™ row of the matrix M. Given, U*, the t™ step iterate. The
update of V#*1 is guided by the following equation from

PO = argmin||Po(UV) — Po(A0)|%
VeRnXk
| | ' _ 4 N2
= argmin (U“”TVU) — @t gy UJ(\;)TENVIS’J))
VeRnxk (i,j)ef

Taking the gradient with respect to each V(9 and setting it to 0 for the optimum
V = VD we have the following V j € [n]:

S Ut (Ut(i)T (‘7<t+1>)(j) _ g Of grye) _ g (oF ZNV](Vj)) —0 o)
ix(i,j) €R

We further define matrices B7,C7, DI € R**¥ and O, € RF*™ for 1 < j < n as
follows:

1 N 1 , ,
B == Z Utogtdt i = = Z Uty
pi:(i,j)EQ pi:(i,j)eQ

_ . 1 ) )
DI =U"U, ¢4 =- > UOuNei 1)

1:(1,5) €N
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It is useful to note that B? € R¥** is obtained by taking the ;™ diagonal elements
of By, (defined in Equatlonl for 1 < p,q < k,ie. (B?),, = (Bpq)j;- The other
matrices are defined similarly. Using the above matrices, we have from the previous
equation:

~ (9) , , . o : , , , .
(V(t+1)) i DI x*y*E) —(Bi)~t (B'D7 — ¢Y) >y 4 (B])—chJVENVZS]J)

VD = v UtUt - F 4 Ny,
(22)
The last equation above can be easily seen by writing the structure of matrices defined
above.

B.3 Proof of Lemmal6l

From Lemma C.6 of [6]], under the assumptions on p and M specified in the Lemma, we
have, |[B71||s < , SN and C,, it

can be verified that [|CN SN vV |2 = Z ||CJ(\?)ZNV]E;) |3. Recall that Vjs,j) € Rm*1is
j=1

the jth row of Viy € R™*™ (a similar decomposition is used in Equation . Thus we

have:

2
HCNSNUNHE:ZHC(J)ENVJ(VJ)HQZZ Loy pog®is,d
7=1 i=1||P iigen ,
Z S OWONGE < S U 3ING 13
J=li:(ij)es p? (i,§)€R
N© N 2
<k (”ﬁl) <t (0) @
This implies that
[Nresllz < [[Nreslle = [|1BTCNSNoN[lo < [ B2 |[CYSNoN]ls (24)
vk <||N9||2)
(1= 02z) P :
B.4 Proof of Lemmal(7
1
= omin(RY) = min [RYTVzla = amin [VETDRETY2,

= Hm”m ) VD2, = HmHin l (V*E*(U*)TUt — F + Nyes) 2|2
z = Zl|2=

> min (VS5 (U U 2]la — || Fll2 — [ Nyes]l2]

>0, min |
zi]|z]|2=1

= ojV/1 = dist(U", U*)? — || F|l2 = [|Nres |2

I(RETD) =1,

UV 2]z = [|1Fll2 = [[Nresl2
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Thus, RUFY -1, < 1
I(Ry™) ||2_cr,:\/17dist(Ut,U*)27\|FH27HNNSH2

B.5 Proof of Lemmal§]

In this proof, we use the following set of inequalities:
1

1+ o (25)
B2 < 1+ ok, |C7]|2 < 1+ bag, || DI < U|2|U"2 = 1.

1(B7) |2 <

The above set of equations involve terms that does not depend on the noise and hence
are incorporated from Appendix C.3 of [7]]. It can be verified that the proof does not
change for the noisy case. We omit the derivation here to avoid redundancy.

Lemma 9. Under the conditions of Theorem w.p. greater that 1 — 1/n?

1C, Zn VP |2 € Nngapin VEm(1 + 6a1)

We prove the above lemma at the end of this section. Now, from Equation 22] we have:
7 (t+1) @ j sy % () iN—1 (R i\ yEy* () =1 *(4)
(v ) = DIV — (B (BIDI — 7)) £*V*0) + (BI)1CL SNV

Thus,

H (V(t+1)) @)

< B [(IIDsz + (B 2(1B7 D72 + 1C7]|2) 12 IVl
2
+ Bl EN VA
(26)
Using equations from Lemma|§|and and do;, < &, C' > 1 we have the following:

H ()| < ey, oinvk (1 L O+ 52k>>> . Nonazpir VEm(1 + 621
2 \/ﬁ 1- 52k 1-— 52k
1y | 4otV
= (RN y | === + 2Npazpa VE
RED) | S 4 2y
(27)
We now use that for, p; = W and further, N,,q. < Cs nU\;E Choosing C' ap-

propriately, we have Ny, .1 VEkm < m. Finally, using Lemmata [5| and |6} the
vn Y g
fact that dist(U*, U?) < dist(U*,U®) < 0.5 and using the conditions on || N **||5 from

Theorem, we have, [|(R(*+)) =1y < . Using these we have:
k
()| < iy, Bt o Boindk
2 vno T opvn

Thus we have, (VD) < 32;1‘# < 320 vk

= =
k T

(28)
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Proof of Lemma|E| ICL, ENVI | = MaXy: || z|,=1 21C4 £V Given any x such
that ||z||2 = 1, then

_ | N | .
CETCJ]VZNV]S;]) _ = Z xTUt(l)UI(\;)TZNVJS,]) _ = Z ‘TTUt(Z)N»L'j (29)
i(i,§)€R i(i,§)eR

We define §;; = {0 otherwise Zi = 305U Nyjand Z = 3517, Z;
E[Z] =Y E[Z] =Y «lU"IN; < Npaz NIV l2 = Nypazpn VEm  (30)
i=1 i=1 i=1
m 1 _p m . 2
var(2) = S E[Z7] - (B[Z])? = — 23 (a;TUW)) N?
i=1 L
1 - 1 N2 .k ey
< 7N72nam Ut(z) 2 _ 7N12nam Ut 2 _ “'maz
Ve IO = DN =
1 , N,
max Z; = fmaxxtUt(l)Nij < M (32)
7 p p\/m

From Equations 29} [30} 31] 32]and using Bernstein’s inequality in Equation[T9] we have
the following:

02, N2, ji3km /2 062,13
P (2 2 Ny Vim(1 + 831) ) < exp | 2 marl M2 ) exp | AT
maz™ | maac‘y’l 2k ) (1 4 ﬂ152k)

P 3p 3

logn

From the conditions of Theorem O < % p > 1228 using (1 + 3oy /3) <
k
(14 p2) < 2u?, we have:

—12p2 logn) 1

P (Z > Nopazpa VEm(1 + 6%)) < exp ( I -

n3’

Thus, we have with probability grater that 1 — 1/n3,V z : ||2||2 = 1, including the
maximizing x, we have ITC’;VZNVJS,]) < Npazpi1Vkm(1+32;). Thus, CJJVENVIS,]) |2 <
NnLaac,ul Vv km(l + 52k) [l
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